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1. Introduction 



Petri's Theorem determines the ideal of canonical curves of genus 5 > 4 by means of 
relations among holomorphic differentials (see also As emphasized by Mumford, Petri's 

relations are fundamental and should have basic applications (pg.241 of Q). A feature of Petri's 
relations is that the holomorphic quadratic differentials he introduced depend on the choice of 
points. Furthermore, the coefficients of Petri's relations have not been written explicitly and no 
relations in terms of theta functions have been derived. Such a result would lead to a characteri- 
zation of the Jacobian that, unlike the known solutions of the Schottky problem, would be linear 
in nature. Such a characterization should select modular forms vanishing on the Jacobian, a basic 
issue in the Schottky problem. 

In the present paper, it is shown that the {g — 2){g — 3)/2 linearly independent relations derived 
by Petri admit an intrinsic characterization based on combinatorial properties of determinants, 
which in turn imply a characterization of canonical curves in terms of theta identities. Remarkably, 
we will see that Petri's relations exactly match in a combinatorial formulation expressed as a sum 
on permutations of products of determinants of any basis of H^{Kc)- 

A feature of the formulation is that in the construction we use bases of H'^{K^), n = 1, 2, 3, 
which are manifestly modular invariant. This has several advantages and leads to a natural iden- 
tification of a modular invariant basis of the fiber of T*7^, with Tg the Torelli space of canonical 
curves. This in turn provides the explicit characterization of the volume form dv^jOi on the moduli 

space M.g of canonical curves, induced by the Siegel metric. 

Let us introduce some notation before formulating the main results. Consider a smooth closed 
Riemann surface C of genus g] in general, we will only consider the case of a non-hyperelliptic 
surface of genus 5 > 3 and we will identify such a surface with the corresponding non-singular 
canonical curve in a projective space. For each n S Z>o, set 

N^:=h%K^) = {2n-l){g-l) + 5^^ , M„:= (^ + ^"^) , 

with M := M2 and A'^ := A2. Set /„ := {1, . . . ,n} and let Vn be the group of permutations of 
n symbols. We fix a bijection Im 3 i ^ M^i G Ig x from Im to the symmetrized product 



Ig X Ig/'P2- The details are given in subsection 2.1. 

Let {«!, . . . , ag, (3i, . . . , (3g} be a symplectic basis of Hi{C, Z) and denote by {u>i}i^j^ the basis 
of H^{Kc) satisfying the standard normalization condition £^ iVj = Sij, and by Tij := (f^ ujj the 
Riemann period matrix, i,j G Ig. For each divisor d of degree n{g — 1), n G Z, consider the 
Riemann theta function (see section ^) 6^(d) := 9{I{d) — n/(A)), where / is the Jacobi map and 
A is the Riemann divisor class. Set ^A,i(e) := dzi0A{z)\z=ei for all e € C^, and denote by E{x,y) 
the prime form. We denote by G the theta divisor and by 0,j its singular component. Consider 
the space C„ of effective divisors of degree n; let Wn be the image I{Cn) in the Jacobi variety 
Jo(C). Denote by C Wn, r > 0, the image of the divisors d G with index of specialty 
i{d) := h^{Kc ^ 0{-d)) > g - n + r, and observe that W° = W„. 

Set 

for all y, xi, . . . , a;^ G C, where a is the holomorphic section of a trivial bundle on C introduced in 



subsection iA_. S is independent of y (see Proposition |4.2| ). For each n G Z>o, let {4>i'}ieiN„ be an 
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arbitrary basis of H^{K2:)- It is known that 



det (t>\{Pj) 



are independent of pi, . . . ,pjv„ G C (Proposition p^ ). Denote by^cC^:=Cx...xC the 
locus of g'-tuples of points (pi, . . . such that det7^i(pj) = Q. A is the union of the hyperplanes 
Pi = Pj, i j & Ig, and of the set of points such that pi + ...+ pg is a special divisor, that is such 
that I{pi + . . . + Pg) € Wg. In the following, for each fixed ^(-tuple of points {pi, . . . ,pg) £ , we 
define the divisors Cg 3 a:= Yli=i Pi-> Cg-2 3 h := Yll^^Pi, Hi := a- pi, i £ Ig. 

Theorem 1.1. Let C be a canonical curve of genus g > 4 and {cJijig/^ the canonically normalized 
basis of H^{Kc), and fix distinct points ps, ■ ■ ■ ,Pg £ C such that K{p^, . . . ,pg) ^ 0, with K defined 
in Eq.( |4.35[ ). Then, the ideal of C is generated by the {g — 2){g — 3) /2 independent relations 

^ e(s) det a;(xs, , . . . , Xs^) detuj{xs^ Xs^g_, ) detu{xs, , Xs^^^ , Xs2,,P3, ■ ■ ■ ,Pi, ■ ■ ■ ,Pg) 
seV2g 

(1-1) 

■ detUj{Xs^,Xs^^2^Xs2^,P3,-- ■ ,Pj,- ■ ■ ,Pg) ^'^^ ^(^ , X s^ + g , P3, ■ ■ ■ ,Pg) = , 

k=3 

3 < i < j < g, for all Xk € C , 1 < k < 2g, unless C is trigonal or isomorphic to a smooth plane 
quintic. 

The above relations can be directly expressed in terms of theta functions. 

Theorem 1.2. Fix g — 2 distinct points p3, . . . ,pg £ C in such a way that K{p3, . . . ,pg) 0. The 
following {g — 2){g — 3)/2 independent relations 

^iiiabs, • • • ,Pg,Xi, . . .,X2g) ■ = 

rr '5'(^fc +Xg + k +X2g + b- PijE{Xk,X2g)E{Xk + g,X2g) 

str2g lfc=l E{Xk,P^JE{Xk+g,p^JE{x2g,PiJ 



9-1 9 

n(^( ) n EiXk,Pj)E{Xk + g,Pj)) 

k=l 3=3 (1.2) 



2g-l 2g-l 

^{Yl Xk) n Eixk,Xj)S{ Yl Xk) E{xk,Xj 

k,j — i k=g k,j — g 

k<j k<j 



9-1 9 ^ 

^(Xfc + Xk+g + b) n -^(^2g,Pj)^ ? = 
fc=3 j=3 ) 



3 < ii < ^2 < 5i where Xi := Xg^, i € l2g, hold for all Xi ^ C , i ^ l2g- 

By a limiting procedure we derive the original Petri's relations, now written in terms of the canon- 
ical basis LVi, . . . ,ujg and with the coefficients expressed in terms of theta functions. 

Corollary 1.3. Fix {pi,...,Pg) £ C9\A, with K{p3, ...,pg)^0. The following {g -2){g- 3)/2 
linearly independent relations 

N + 1 <i < M, where 

nL=3i?(Pi,Pfc)^-"n?=3 E{p,^,P3)\{U E{p,^,Pj) 



F{p,x) := c' 2- 



Uf=i^i(^ixj) Yll=3 Eixj,pk) rifclj+i E{xj,Xk)) 



hold for all z £ C. Furthermore, Cf^ are independent of pi,p2, xi, . . . ,X2g-i € C and correspond 
to the coefhcients defined in ( 2.3^ ) (with rji = uji, i € Ig) or, equivalently, in ( 4.21 ). 



Here, 2 is the integer constant defined in Lemma |3]^ and {(jjjjg/^ and {vi}i^i^ are the 
distinguished bases of, respectively, H^{Kc) and H'^{Kq), introduced in section ^; such bases 
depend on the choice of pi, . . . ,pg S C. 

Fix g distinct points pi, . . . ,pg G C such that K{p3, . . . ,pg) ^ 0. The set {pi}i^i^ naturally 
corresponds to a modular invariant basis of the fiber ofT*'Tg, with Tg the Torelli space of canonical 
curves. 

Theorem 1.4. If pi, ... ,pg £ C are g pairwise distinct points such that K{p3, . . . ,pg) ^ 0, then 

M 

Er.= J2^r^dT, , (1.4) 



G In, with (see Eq.( [4J5[ )j 



(l + 5i,2,)Ez,m^A,«(aiJ6'A,m(a2ju;2(^Ji.)u;^(p2j ' 
i,j € Imj is a modular invariant basis of the Rber ofT*'Tg at the point representing C. 

The above results fix the [g — 2){g — 3)/2 linear relations satisfied by dxij. Furthermore (see 



subsection 2A for the notation) 

Corollary 1.5. The volume form on A4g induced by the Siegel metric is 

N 



^^\M ~ (^2/ det 5" dw; A ciiD , (1-5) 



where 



and 



with 



M 

dw:= V IX'^I' dr.i A--- AdTi^ , (1.6) 
— , n...ijv 

lJV>...>Il = l 

M 
k,l=l 

M r 1 



fci,...,fcjv-l=l 



A basic step in the investigation concerns an algebraic combinatorial formula expressing the 
determinant of a matrix whose entries are 2-fold products in some functions, such as fi{xj)fk{xj), 
in terms of a summation on the permutations of products of det/i(xj). More precisely, let F be 
a commutative field and S a non-empty set. Fix a set {fi}ieigi of F-valued functions on S, and 
choose M elements Xi ^ i ^ Im- Then, Lemmas |3.1| and 13.31 express 



det/ //(xi, . . . ,a;card(/)) , 

in terms of combinatorial sums involving products of det/i(xj) only. We then apply such lemmas 
to the case in which {/ijig/^ are basis of holomorphic 1-differentials and formulate the conditions 
that the determinants of holomorphic quadratic differentials have rank N as M — N conditions 
involving determinants of basis of H^{Kc) only. This has several advantages. For example, 
whereas the determinants of a basis of H^{K^), n > 1, can be directly written in terms of theta 
functions, this is not the case when the matrix of holomorphic n-differentials is a kx k matrix with 
k > h^{K^). Whereas its determinant trivially vanishes, this cannot be directly expressed in terms 



of theta functions. The main application of Lemmas |3.1| and |3.3| is that it is instead possible first 
write such determinants as a combinatorial sum over products of determinants of holomorphic 1- 
differentials only, and then express the latter in terms of theta functions, so leading to independent 



relations. It is worth mentioning that, even if of increasing combinatorial complexity, Lemmas |3T 
and |3.3| admit natural extensions to the case of matrices whose entries consist of products of more 
than two /'s. 

The above construction was initiated in p. It also leads to the volume form on Mg induced by 
the Siegel's metric, a result used in Q to propose the extension to higher genus of the remarkable 
formula by D'Hoker and Phong Q concerning the four point superstring amplitude. 

Whereas the present construction leads to a characterization of canonical curves by deter- 
minantal relations, the known solution of the Schottky problem involves non-linear differential 
equations. According to the Novikov's conjecture, an indecomposable principally polarized abelian 
variety is the Jacobian of a genus g curve if and only if there exist vectors U ^ 0,V,W ^ C-^ 
such that u{x, y, t) = 2d1 log 9{Ux + Vy + Wt + zq, Z), satisfies the Kadomtsev-Petviashvili (KP) 
equation 

3uyy = {4ut + 6uux - Uxxx)x ■ 

Relevant progresses on such a conjecture are due, among the others, to Krichever [Q, Dubrovin 
and Mulase |1C]. Its proof is due to Shiota |11]. A basic step in such a proof concerned the 



5 



existence of the r-function as a global holomorphic function in the {ti}, as clarified by Arbarello 
and De Concini in [12|, where it was shown that only a subset of the KP hierarchy is needed. 
Their identification of such a subset is based on basic results by Gunning |13| and Welters [14| |15|, 
characterizing the Jacobians by trisecants (see also [ff6| and [O ) . 



The Schottky problem is still under active investigation, see for example [18] |1S] |2C] |21] for 
further developments. In particular, Arbarello, Krichever and Marini proved that the Jacobians 
can be characterized in terms of only the first of the auxiliary linear equations of the KP equation 
1 22] 1 23]. Very recently appeared the papers j24] and ]25] that proved the conjectures by Farkas l p6[ 
and Welters ]p!5| , respectively. 

In spite of such a dramatic progress, there are still open questions concerning the characteriza- 
tion of the Jacobian locus. In particular, the general identification of modular forms characterizing 
the Jacobians is still lacking. The determinantal characterization of Theorem 1.1 and the corre- 
sponding theta relations in Theorem 1.2, correspond to modular forms vanishing on the canonical 
curve. Such relations can be seen as addition formulas that presumably should lead to relations 
involving higher order theta constants with the summation on permutations on the points replaced 
by summation on theta characteristics. 



2. Distinguished bases of H^{K2:) and relations among holomorphic diflferentials 

Let C be a smooth curve of genus g. For g > I, let {<7l>i jie/jvp > P ^ ^>0) be a basis of H^{K^), 
where 

Np := h^iRP) = (2p - 1)(5 - 1) + , 
and Sij is the Kronecker symbol. For any pair p, q, there exists a homomorphism 

such that 
We have 

Np+q 

= E ' (2-1) 

k=l 

i G iNp, j £ Iwg, for some constant coefficients Bf^^. For g = 2 and > 2 in the non-hyperelliptic 
case, any holomorphic {p + g)-differential, p + q£7j, p + q>2, can be expressed as the product of 
holomorphic p- and ^-differentials, p,q £ ^>o- This implies the relations 

Np 

<i^'^' = EED':'km^ (2-2) 

j=i k=i 



i e Inp+, , and 

Np Ng 

EECl%m = ^^ (2-3) 

j=l k=l 

i € iMp.q-Np+qi Mp^q := NpNq for p q, and Mp^p = Np{Np + l)/2, for some constant coefficients 
^i,jk and u.^.^. 
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Proposition 2.1. Replacing 4fj4'1 in the RHS of (2J) with (2A) yields 



fc=i 1=1 

ip+g 



iNp+g- Similarly, replacing c/)^ in the RHS of ( |2J| } with ( |2i^ ) yields 



fc=l 



fc = l 



i, j, l,m ^ ^Np+q, for some coefEcients Aij^^. By the associativity relations 



we have 



Nq 



i=l 



i=l 



j ^ iNp, k e iNg, I ^ In,, rn e iNp+^+r- Furthermore, hy l \2.l\) and (|2j) 

Np Ng 

i=i j=i 



(2.4) 



(2.5) 



(2.6) 



(2.7) 



k e lMp,,-Np+g, I e Inp+,, and by §^ and (U) 

Nq AT,, Np+g 

i=l j = l k=l 

I G lMg,^-Ng + ^, m£lNp,ne lNp+g + ^- 

2.1. Identities induced hy the isomorphism C*^" Sym^C^ 

Definition 2.2. For each n E Z>Oj set := {!,... ,n} and let T-'n denote the group of permuta- 
tions of n elements. 

Let y be a (/-dimensional vector space and let 

' g + n — 1 



n 



be the dimension of the n-fold symmetrized tensor product Sym^y. We denote by 

Sym^y 3 m ■ m- ■ -iln ■= ^ (8) ??S2 ® • • • ® ^s„ , 

seVr^ 

the symmetrized tensor product of an n-tuple {iji, . . . , r]n) of elements of V. 
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It is useful to fix an isomorphism — > Sym^C^ and, more generally, an isomorphism C^" — > 
Sym"Cs, n G Z>o. 

Definition 2.3. Let A : ^ Sym^C^, M = M2, be the isomorphism A{ei) := 61. • e^^, with 
{^i}ieiM the canonical basis of and 



(ii,2.i) := < 



(hi) , 

il,i-9 + l) , 
(2,i-25 + 3) , 



I (5-1,5) 



1 <^ <9 , 

g + l<i<2g-l, 

29<i<39-3, 

i = gig+l)/2 , 



so that liii is the i-th element in the M-tuple (11, 22, . . . , gg, 12, ... , Ig, 23, . . .). Similarly, let 
{ei}ig/„^ be the canonical basis of C^^, and fix an isomorphism A : Sym'^C^, M3 := 

g{g + l){g + 2)/6, with yl(ej) := (ej.. , 62.^,6^.) s, whose first 65 — 8 elements are 



(l,l,i-5 + 2) , 
(2,2,i-25 + 4) , 

(l,2,i-35-4) , 
{l,i-4g + 6,i-4g + 6) , 
(2,i-55 + 8,i-55 + 8) , 



1 <i <5 , 

g + l<i<2g-2 , 

2g-l<i<3g-A 

Sg - 3 < i < Ag - A 
4(/ - 3 < ?; < 5g - 6 
5c/-5 < i < 65-8 



As wc will sec, we do not need the explicit expression of A{ei) for 6g — 8 < i < M3. In general, one 
can define an isomorphism A : C*^" Sym"^C^, with A{ei) := (fij.., . . . , e„.), by fixing the n-tuples 
(ij, . . . , rij), i G /m„ , in such a way that ij < 2j < . . . < rii. 

For each vector u := \ui, . . . , Ug) G and matrix B G Mg{C), set 

n times "^e{iv-,n} n times seVn me{2.,...,n} 

hj S -^M„) where the product is the standard one in C. In particular, let us define 




i G /m„ , (we will not write the superscript (n) when it is clear from the context) where 6 denotes 
the identity matrix, so that, for example, 

Xf ^ = 1 + 5x,z, , = (1 + '^x.z, + <^.,3 J(l + S.,,,) . 

Such a single indexing satisfies basic identities, repeatedly used in the following. 
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Lemma 2.4. Let V be a vector space and f an arbitrary function f : 1^ ^ V, where Ig := 
Ig X . . . X Ig (n times). Then, the following identity holds 

9 M„ 

f{iu...,in)=Yx-' E /(Ki)n...,Kn),) , (2.9) 

il,...,in = l i=l seVn 

that, for f completely symmetric, reduces to 

9 M„ 

/(ii,...,O = n!j]x-V(ii,...,n0 • (2.10) 

ii,...,i„ = l i=l 

Proof. Use 

f{isi , ■ ■ ■ , ) 



Yl fin, ■■■.in) = fW 



□ 



Note that ti®" = u ® . . . ® u is an element of Sym^C^ = C*^", for each u G C^. By (^, the 
following identities are easily verified 

1=1 t,j=i 
where C^'^" 9 = e • • • G Sym'^C^, i G /a/„- Furthermore, 

J] X-'(i? • • • BMC ■ ■ ■ C),k = {{EC) ■ ■ ■ {BC)U , (2.11) 
where B, C are arbitrary g x g matrices. This identity yields, for any non-singular B 

Y Xj'Xk\B ■ ■ ■ B),,{B-' ■ ■ ■ B-^)jk = (5 • • • <5).fcXfc ' = kk , (2.12) 

j=i 

and then 

det,, ((S • • • B\jX~^) det,, ((5-1 • • • B-%,x~^) = 1 . (2.13) 

Also observe that 

M„ g 

nn---n. = nnr" , (2.14) 

i=l k=l 

where the product and the exponentiation are the standard ones among complex numbers; in 
particular, 

M g 

i=l k = l 

In the following we will denote the minors oi [B ■ ■ ■ B) by 

\B . . . Bfl'-Y := det {B ■ ■ ■ B)^^ , 



JEJI ir. 



^1, • • • ,ini,ji, ■ ■ ■ ,3m G Im^, with m G / 



M„ 
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2.2. A distinguished basis of H^^Kq) 

Let C be a canonical curve of genus g and let C^, d > 0, be the set of effective divisors of 
degree d. Set rji := (f)}, i £ Ig, and fix the divisor c := Xi + . . . + Xg-i in such a way that the 
matrix [r]i{xj)]ieig be of maximal rank. The ratio 



s-i 



detr]{p,xi, . . -jXg-i) 



detr](q,x-i,. . .,Xg-i) 
is a meromorphic function on Cg-i and a meromorphic section of the bundle 

C := ttIKc ® TT^K^^ , 

on C X C, where tti , 7r2 are the projections of C x C onto its first and second component, respectively. 
Note that S*{C), where S : C ^ C x C is the diagonal embedding S{p) := {p,p), p £ C, is the 
trivial line bundle on C. Furthermore, d*ac has neither zeros nor poles, and o-c{p,p) /(Jc'{p,p) = 1, 
c,c' G Cg-i. Hence, there exists an isomorphism H^{S*{jC,)) C such that (Jc{p,p) 1, for all 
c G Cg-i for which cJc is well-defined. 

Proposition 2.5. Fix n G Z>o and let pi,. . . ,Pn„ be a set of points of C such that 

det (^"(pi,...,pAr„) 7^0 , 
with {(/'"jie/jv^ an arbitrary basis of H^{K^^). Then 

^n/ X . det . . . ,pi-i,Z,Pi+i,. . . ,PN„) f^^^. 

i G /at^, for all z G C, is a basis of H^{K^) which is independent of the choice of the basis 
{4>i^}ieiN„ and, up to normalization, of the local coordinates on C. 

Proof. Since the matrix := (pfiPj) is non-singular, it follows that 

7? = T.^r];j'<l>] , (2.16) 

z G /jv„ , is a basis of (K^). □ 
Observe that 

det 7,"(pi, . . . ,pj-i,z,pj+i, . . . ,pnJ = 7"(z) , (2.17) 



for all ^; G C, and 
i,j G In„- Furthermore, 



7r(P.) = % , (2.18) 

for all zi, Zg £ C. For n = 1, a choice oi pi, . . . ,pg G C such that det r]i{pj) ^ determines a 
basis of H°{Kc) 

ai{z):=jl{z) , (2.20) 
10 



ielg. 

Each basis {i]i}ieig of H^{Kc) naturally defines a basis in Sym^ {H'^{Kc)) hy rj ■ ij^ := rj^. ■ r]2_^, 
i € Im- Set 

:= ^(fj • cji) = cJi-CTz, , (2.21) 

i G Im, and note that 

vM = [ (2.22) 

^ \0, g+l<i<M , ^ ' 

j (z Ig. By Max Noether's Theorem, if C is a Riemann surface of genus two or non-hyperelliptic 
with g > 3, then all the possible products of two holomorphic 1-differentials in H^{Kc) span the 
whole H^{Kq). By dimensional reasons, it follows that for g = 2 and g = 3 'm the non-hyperelliptic 
case, the set {uijig/^ is a basis of H^{Kl;) if and only if {ai}i^i^ is a basis of H'^{Kc)- On the 
other hand, for > 3 in the hyperelliptic case, with g > 3, there exist holomorphic quadratic 
differentials which cannot be expressed as linear combinations of products of elements of H^{Kc)-, 
so that vi,...,vm are not linearly independent. The other possibilities are considered in the 
following proposition. 

Proposition 2.6. Fix the points pi, . . . ,pg € C, with C non-hyperelhptic of genus 5 > 4. If the 
following conditions are satisEed 

i. detr]i{pj) ^ 0, with {r^ijig/^ an arbitrary basis of H^{Kc); 

a. b := Yll^^Pi is the greatest common divisor of (ui) and ((T2), with {o"i}ig/^ dehned in ( 2.2C ), 
then {vi}i^ij^ is a basis of H^{Kl;). 

Proof. Let us first prove that ai is the unique 1-differential, up to normalization, vanishing at 
Ci := (cTi) — b, i = 1, 2. Any 1-differential a[ G H^{Kc) vanishing at q corresponds to an element 
(j[/(Ti of H^{0{b)), the space of meromorphic functions f on C such that (/) -|- b is an effective 
divisor. Suppose that there exists a cr^ such that cr'^/ai is not a constant, so that h^{0{b)) > 2. 
By the Riemann-Roch Theorem 

/i°(Kc 0(-b)) = /i°(0(b)) - deg b - 1 + 5 > 3 , 



there exist at least 3 linearly independent 1-differentials vanishing at the support of b and, in par- 
ticular, there exists a linear combination of such differentials vanishing at pi, ... ,pg. This implies 
that detr]i{pj) ^ 0, with {rji}i^j^ an arbitrary basis of II^{Kc), contradicting the hypotheses. Fix 
Ci ) Cii ) C2i € C in such a way that 

99 9 

i=3 i=l i=2 

Evaluating this relation at the point Pj, 3 < j < g yields Q = 0. Set 

9 9 
ti-=-Yl ^^J^'J ' *^-=Yl <^J^J ' (2-23) 

J=2 J=l 
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so that crit2 = o"2ii- Since b, ci and C2 consist of pairwise distinct points, ti vanishes at c^, i = 1,2 
and then, by the previous remarks, h/ai = ^2/0-2 = C G C. By (|]2|) 



j=2 k=l 

and, by hnear independence of a^, ... ,ag, it follows that (" = Cij = C2k = 0, 2 < j < g, k G Ig. □ 

The basis {vi}i^ij^ is a refinement of the Petri basis for H'^{KI.) IQ (see also H^]). It can be 
proved that on a non-hyperelliptic curve, there always exists a set of points {pi, . . . ,pg} satisfying 
the hypotheses of proposition I 



2.3. Relations among holomorphic quadratic differentials 

Denote by (f)^ : H^{K^) — > C^" the isomorphism = e^, with {ei}i^jj^^ the canonical 

basis of C^". The isomorphism fj induces an isomorphism {fj ■ fj) : Syni^ (H'^ (Kc)) Sym^C^. 
The natural map ip : Sym^ {H^ (Kc)) H'^{Kq) is an epimorphism if C is canonical. In the 
following we derive the matrix form of the map v o ijj o (^a ■ a)~^ , with respect to the basis {ai}i^j^ 
constructed in the previous subsection. This will lead to the explicit expression of ker-^. 

For each set {(p^jieiN^ ^ H'^{Kq), consider W[(j)"']{pi, . . . ,Pn„) '■= det(j)'^{pj), and the Wron- 
skian VF[</<"'](f) := det (9^~^0"(p). If l^[0"](pi, . . . ,Pn„) does not vanish identically, then, for each 
{(t>f }ieiN„ H^i^c)^ h.me the constant ratio 

. _ Tyr'](pi,...,p^J _ W[r'\{p) 

Set 

:= n^[vi,... ,Vi-i,Vj,Vi+i,... ,vn] ■ (2.25) 

i G In, j G Im- 

Lemma 2.7. vi,. . . ,vm satisfy the following {g — 2){g — 3)/2 linearly independent relations 

N N 
J = l J=9 + l 

i = N + 1,...,M. 



Proof. The first equality trivially follows by the Cramer rule. The identities ( 2.22 ) imply ipji = 



for j E Ig and i = N + 1, . . . , M, and the lemma follows. □ 
Eq.( 2.26| ) implies that the diagram 
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where ijj : C^^ — > C-^ is the homomorphism with matrix elements ipij and Sym is isomorphic 
to C^^ through A defined in Definition |2.3| , commutes. 

Let i : — > C*^ be the injection t(ei) = Ci, i £ /at. The matrix elements of the map 
i o : C*^ ^ C*^ are 



(6 0-0) 



, N + 1 <i < M , 



j G Im- Noting that {l o = 5ij, G In, we obtain 

M N 

i=l i=l 

j, k S /a/- Hence, i o ^ is a projection of rank A'^ and, since l is an injection, 

ker V5 = ker t o ^/i = (id - /, o ^p) (C*^) . (2.27) 

Lemma 2.8. The set {-ujv+i, . . . , um}, Ui := — Yl!j=i N + I < i < M , is a basis of ker-0. 

Proof. Since (id - i o ■0)(ei) = 0, i £ In, hy (]2.27D , the M - TV vectors -Si = (id - z. o '0)(ei), 



N < i < M are a set of generators for ker ip and, since dimker'0 = M — N , the lemma follows. □ 
Set TjTji := ip{rj ■ rji), i £ Ig, and let be the automorphism on C^^ in the commutative diagram 



whose matrix elements are 



hj G -^M) SO that 

M 

^^ = E^i^Wj' (2.29) 

i G Since r^?7i, z G Im, are linearly dependent, the matrix X^j is not univocally determined by 
Eq.( p.29| ). More precisely, a homomorphism X^ G End(C^^) satisfies Eq.( |2.29| ) if and only if the 
diagram 













iid 
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where ■= tp o [X"^) ^ , commutes or, equivalently, if and only if 

(X'?' - X'')(C*^) C X''(ker'0) . 



(2.30) 



Next theorem provides an exphcit expression for such a homomorphisms. Consider the following 
determinants of the d-dimensional submatrices of X"^ 



\X^\n-^^ :=det 



/ X'^ . 



vV 

idjd 



ii,--- Jd,ji,- ■ ■ ,jd G hu d G Im- 
Theorem 2.9. 



M 



(2.31) 



N + 1 <i < M, where 



M 



(2.32) 



A:i,...,fcA^ = l 

are M — N independent linear relations among quadratic differentials. Furthermore, for all p € C 

M 



W[v]{p)= \X'^\"'-"W[r]rjk,,...,VVk^]{p) 



(2.33) 



,iiv = l 



Proof. By (|2^) and (|]2|) 



M N 
3 = 1 



k=l 



and by (p.25|) 



M 



N 



Yi-)''T^v[vi,vi, . . . ,Vk, ■ ■ ■ ,vn]X],^ + X_ 
j=i h=i 



rjrjj = . 



By dg) 



M 



ki ,. . .,/i:Ar = l 



and we get ( |2.31 ) with 



M 



ki ,...,fcjv=l 1=1 



N 



k \ h ^ 



TZy [ijrjk^ TjTjk^ 



which is equivalent to (|2.32) by the identity 



N 



Yi-Yx'^, ix^r'-'-^ +xi ix^r - ^ = ix^i 



Z=l 



jki...k^ 
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Eq.(p3|) follows by (|239D . □ 

The homomorphisms (X*? -X^) G End(C*^), satisfying ( ^I30D , are the elements of a M{M — 
N) dimensional vector space, spanned by 



M 



k=N+l 

i,j S Im, with Ajk an arbitrary M x (M — A'^) matrix. An obvious generalization of ( p.2(]| ) yields 



N 



(2.34) 



i S /m, implying that B^- = TZ^lvi, . . . ,Vj-i,rjrji,Vj^i, . . . ,V]\f], are the matrix elements of the 
homomorphism B^ = o [X^)~^. Such coefficients can be expanded as 



M 



B^i. 



(2.35) 



fci,...,fcjv-l = l 



2.4- A distinguished basis of H^{K^) 

Consider the holomorphic 3-differentials (with the notation defined in sec. |2.1| 



Vi = c^crcTi := c^i«c^2,o-3, , (2.36) 

i G /ms; with {(Ti}ig7g a basis oi H'^{Kc)- By the Max Noether's Theorem and dimensional reasons, 
it follows that the first := 5g — 5 of such differentials are a basis of H^{K^) for 5 = 3 in the 
non-hyperelliptic case, whereas they are not linearly independent for g > 2 m. the hyperelliptic 
case. The other possibilities are considered in the following proposition. 

Proposition 2.10. Fix the points pi, . . . ,pg £ C , with C non-hyperelhptic of genus g > A. If the 
following conditions are satisfied for some fixed i € Ig \ {1,2}; 

i. detr]j{pk) ^ 0, with {rjj}j^ig an arbitrary basis of H^{Kc); 



II. 



b := J2^j=3Pj the greatest common divisor of (fJi) and {a2), with {aj}j^i^ defined in ( 2.2C ); 



iii. pk is a single zero for cji, for all k ^ i, 3 < k < g; 
then the set {^j}jeiN3-i ^ Wi+bg-s} is a basis of H^{K^). 

Proof. Assume that z), ii) and iii) hold for a fixed i, 3 < i < g; we have to prove that the equation 
9 

3=3 

is satisfied if and only if (ij, (2i, Ci2j & C, 3 < j < g, and n,!^ £ H^{Kc) all vanish identically (no 
non-trivial solution). Evaluating such an equation at pj £ C , 3 < j < g, gives ("j = 0. Furthermore, 
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note that, by condition in), for each j ^ i, 3 < j < g, aia'j is the unique 3-differential with a single 
zero in pj, so that Cij = 0. We are left with 

9 

ixiOxol + C,2i(72(yi + + 0-2^ + ^ Cl2j<7lCT2(Jj = . (2.37) 

J=3 

By Riemann-Roch Theorem, for each k, 3 < k < g, h^{Kc ® 0{—h — pk)) > 1; the condition 
a) implies that h^{Kc ® 0{—h — pk)) < 1, so that, in particular, there exists a unique (up to a 
constant) non-vanishing (5 in H^{Kc ® 0{—h — Pi)). Furthermore, 

9 

H\Kc(?)0{^h))^ U H\Kc®0{-h-pk)) , 

because the LHS is a 2-dimensional space and the RHS is a finite union of 1-dimensionaI subspaces; 
then, there exists a € H^{Kc 0{—h)) such that p^, ■ ■ ■ ,Pg are single zeros for a. Note that a 
and P span H^{Kc (g) C'(-b)) and a^, and a/3 span H^iK^j (g) C'(-2b)). Hence, the existence of 
non-trivial Cii, C2i, Ci2j, i^, satisfying Eg. ( 2.37 ) is equivalent to the existence of non-trivial i^' , ^' G 
H^{Kc) and Ca,C/3,CQ/3j ^ C satisfying 

9 

J=3 

Note that ao"^ is the unique 3-differential with a single zero in p^, so that Co = 0. Condition ii) 
implies that b is the greatest common divisor of (a) and (/?). Then a 7^ on the support of 
where C/3 := (/?) — b — pi. Hence, ^' G H^{Kc £>(— C/3)), which, by Riemann-Roch Theorem, is a 
1-dimensional space, so that /x' = ('^(3, for some (^^ G C. Since, by construction, /? 7^ 0, we have 

i=3 

By evaluating such an equation at pi gives C/3 = 0. Furthermore, since /3 7^ on the support of Cq, 
where Cq, := (a) — b, it follows that z^' = (^^^a, for some G C. Since a 7^ 

5 

C> + C/? + J^CaftCTj = , 

J=3 

which implies that = C = Ca/Sj = 0, for all 3 < j < (7. □ 
Relations among holomorphic cubic differentials 

The choice of a basis {irji}i^i^ of H'^{Kc) determines an embedding of the curve C in P^-i by 
P 1-^ iviip) '■ ■ ■ ■ • ^g{p))- Each holomorphic n-differential corresponds to a homogeneous n-degree 
polynomial in Pg-i by 
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where are homogeneous coordmates on IP^-i- A basis of H^{Kq) corresponds to a 

basis of the homogeneous polynomials of degree n in Pg-i that are not zero when restricted to C. 
The curve C is identified with the ideal of all the polynomials in Pg-i vanishing at C. Enriques- 
Babbage and Petri's Theorems state that, with few exceptions, such an ideal is generated by the 
quadrics 

M 

C^XX, = , 

J=l 

A'^ + 1 < i < M, where XX j := Xj_.X^.. Canonical curves that are not cut out by such quadrics 
are trigonal or isomorphic to smooth plane quintic. In these cases, Petri's Theorem assures that 
the ideal is generated by the quadrics above together with a suitable set of cubics. Such cubics cor- 
respond to linear relations among holomorphic 3-differentials, and a generalization of the previous 
construction is necessary in order to explicitly determine such relations. 

Let us consider the case of holomorphic cubic differentials. Fix 3 < i < 5 and let 
{^j}jeiN3-i U Wi+bg-%\ be the corresponding basis of H^{K^). The kernel of the canonical 
surjection Sym'^ if °(i^^c') — H^{K^) has dimension {g — 3) ((7^ + Qg — 10)/6, and each element 
corresponds to a linear combination of the following relations 

0'jO-k(Jl= ^ Bjkl^m^m + Bjkl,i+bg-S,<^2(^'i 1 (2.38) 

3 < j, A;, / < 5, j 7^ k, and 

^'^^'j ~ B2jj^m^m + B2jj^i+5g-80'20'f , (2.39) 

mg7jv3_i 

3 < j < 5, J 7^ where Bjki^m, B2jj^m £ C, are suitable coefficients. On the other hand, a trivial 
computation shows that the relations ( 2.38 ) are generated by ( p.39| ) and by the relations among 



holomorphic quadratic differentials, 

M 

5]C,°-^.ac7, =0, (2.40) 

j=i 

k = N + 1, . . . , M. Therefore, relations among holomorphic 3-differentials, provide at most g — 3 
independent conditions on products of elements of H^{Kc) which do not descend from relations 
among holomorphic quadratic differentials. 



The relations (2.39) can be restated in terms of an arbitrary basis {?7j}je7g of H^[Kc)- Let 
y be the automorphism of C'^^ , determined by 



- kj 

j, k G , so that 



yk]--=X-k\M-'[v]-'[ri]-'U, (2.41) 



Ms 



k=l 

j G I Ms ■ Consider the following determinants of d-dimensional submatrices of 



\Y^\'^-'^ :=det 



V y.^ . ... y . 
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Proposition 2.11. 



N:i<k<N^ + g-2>,k^i where 

M3 



M3 



l...(N3-l)ik 



. VVVk, 



(2.42) 



(2.43) 



j S ) are (7 — 3 independent linear relations among holoniorphic 3-difFerentials. 

Proof. Without loss of generality we can assume i = N^; such an assumption can always be 
satisfied after a re-ordering of the points p^, . . . ,pg. Fix N3 + I arbitrary points xi , . . . , xn^ ,^^3+1 = 
z ^ C and consider the singular matrix [ipi[xm)]i^i with / := Ij^^ U {/c}, with < k < 

-^3 + 5 ~ 3. By expressing the determinant with respect to the column {ipi{z))i^j, the identity 
det (pi{xm) = 0, I € I, m e /7V3+1, yields 

Ms r N3 



m=l '-1 = 1 



VVVn 



. 



The proposition follows by combinatorial identities analogous to the proof of Theorem 2.9. 



□ 



Whereas for 5 = 4 the relations ( |2.42 ) are independent of the relation among holomorphic 
quadratic differentials, for 5 > 5, ( 2.42|) are generated by ( 2.40| ) in all but some particular curves. 
Set V'liZi.ijZ, := V'ij and C^.^^^j^.^. := C^j, N + 1 < i < M, j G Im- Consider the 3-differentials 



aiajak with 3 < i < j < k < g {g > 5). By Eq.( |2^ and by C^^ = ipij - 6ij, N + 1 < i < M, 
j e Im, 



2 .9 _ 

O-iajak = E '^'4^ij,mnO'mO'nO'k + 1pij,120'l(J20-j , 

m=l n=3 



SO that 



ik,mj*^m^ 



7n^p=l q=3 " — 3 



m=l 
2 



E '^C^'^jk,7nn'ipni,pq)o-TnCp(Tg + ■ipjk,12<y l<^2<^k + ^ '^jk,'miO'mO'i 



m,p=l q=3 "=3 



The above equation yields 

2 9 9 g 

^ifc,2j'^2<7| = Cjk.mn^ni.pq ~ ^ik,mn^ni,pq)'^rnO'pO'q 



m,p=l q=3 "=3 



n — 3 



+ Cifc,12'^lC^20-fc - C'rfc,12f^lC^20-fc + C'jfc,liO-lO-i - C'ifc.ljCTlC^I + CJk,2i<^2(7i ■ 

If Cj!^, 2j 7^ for some k, the above identity shows that the relation ( p.39| ) is generated by Eqs. (|2.40"| ). 
On the other hand, it can be proved that if C^^ 2j = for all 3 < /c < 5, /c ^ the relation 
( 2.39 ) is independent of the relations among holomorphic quadratic differentials. This case occurs 
if and only if the curve C is trigonal or a smooth quintic. 



18 



3. Combinatorics of determinants 

Let us fix a surjection m : Ig x Ig ^ Im, satisfying 

m(i, j) = m{j,i) , (3.1) 

i,j G Ig. Such a surjection corresponds to an isomorphism C*^ — > Sym^C^ with em(i,j) i-^ • Cj. 
For example, by using the construction of section 2.1, it is possible to define m so that m{±i, li) = 
m{Zi, li) = i, i £ Im', the corresponding isomorphism is A, defined in Definition |2.3| . 
For each morphism s : Im —>■ Im consider the ^-tuples (i'^(s), k G Ig+i, given by 

d]{s) = di+\s) := Sm(i,j) , (3.2) 

i < i,j G Ig- Note that if s is a monomorphism, then each ^-tuple consists of distinct integers, 
and each i E Im belongs to two distinct ^-tuples. 

Consider V^'^^ = Vg x ■ ■ ■ x Vg and define x : V^'^^ x Im ^ Im, depending on m, by 

g+i times 

x^(„)(r\...,r^'+i)=m(r;,r^i) , (3.3) 

i < j, i,j ^ Ig, where (r\ . . . ,r9+^) e 7^1+^ Note that 

4(x(ri,...,r9+i)) =d^+\x(ri,...,r5+i)) =m(rj,r^+i) , 

i l£ j , i, j ^ Ig- Consider the subset of Im determined by 

lM,n ■■= {m{i,j)\i G /„, j G Ig} , 

n £ Ig, with the ordering inherited from Im, and denote by 

L:=M -{g-n){g-n + l)/2 , 

its cardinality. The elements >ci{r^, . . . , r^"*"^), Z G lM,n, are independent of r^, with n+1 < i, j < 5, 
and X can be generahzed to a function x : /M,n x V^'^ Im , where V^'^ := Vg x "P^""""*""^, by 

x,(ri,...,fs+i) :=x,(ri,...,rs+i) , (3.4) 

i G /A/,n, (r-"^, . . . , f9+i) G "PS'", where r-' G Pg, j G /g+i, are permutations satisfying = f^, 
j G In, and = fj, i G In, n + 1 < j < g. Furthermore, if {xi{f^, . . . ,f^'^^)}ieiM,n consists of 
distinct elements, then it is a permutation of lM,n- By a suitable choice of the surjection 

m{j,i) =m{i,j) ■.= M-{g-j){g-j - l)/2 + i , (3.5) 

j < i £ Ig, we obtain lM,n = II as an equahty between ordered sets. Note that this choice for 
m, which is convenient to keep the notation uncluttered, does not correspond to the isomorphism 
introduced in subsection p.l| . 
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Consider the maps s : I — > I, where I is any ordered subset of Im] if s is bijective, then it is 
a permutation of /. We define the function e(s) to be the sign of the permutation if s is bijective, 
and zero otherwise. 

Let F be a commutative field and S a non-empty set. Fix a set {fi}ieig ; of F-valued functions 
on S, and M (possibly coincident) elements Xi £ S, i € Im- Set 

ffm(i,j) ■ fifj 5 

i,j € Ig, and 

detf{xdj(s)) := detifc/fc(a;^,,(^)) , 
j G Ig+i, where Xi £ S, i £ Im. Furthermore, for any ordered set / C 1^, we denote by 

det/ //(xi, . . . ,a;card(/)) , 

the determinant of the matrix {ffm{xi))iGic^rd(i)- 

Lemma 3.1. Choosen G Ig and L elements Xi in S, i £ II- Fixg—n elements pi £ S, n+1 < i < g 
and g F -valued functions fi on S, i £ Ig. The following g{g — n) conditions 

fiiPj) = Sij , (3-6) 

^l£i^j,n + l<j<g, imply 

^ n 5+1 

deti„j„ff{xi,...,XL) = (^is)Y[detf{xdJ(s)) H ^et . . . 

seVL i=l k=n+l 

(3.7) 

where 

9 + 1 

^^--= E X{e{r^)e{x{r\...,f^^')). (3.8) 

In particular, for n = g 

5+1 

Cgdet//(xi,... ,xm) = ^ ^{s)W_dQt f{xdj^^)) , (3.9) 

seVM 3=1 

where 

r-i,...,r9 + iePg fc = l 

Proof. It is convenient to fix the surjection m as in ( |3.5| ), so that lM,n = II- Next consider 

Cg,n det/^ //(xi, ... ,xl) = Cg,„ ^ ^{s)fh{xs^)---ffL{xsL) ■ (3.10) 
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Restrict the sums in (3.8) to the permutations {f^ , . . . ,f^~^^) € P-?'", i E /„, such that 



€{>c{f^, . . . , f^+i)) ^ 0, and set s' := s o x:{r^ , . . . , r^^^), so that 



where >Ci is to be understood as Xi (f \ . . . , f9+^). Note that, for ah / G Im, there IS a unique pair 
i,j £ Ig, i < j, such that I = m{i,j), and by ( |3.2| ) and ( p. 3D the following identity 



holds for all . . . , r^+i) e On the other hand, if I e II, then i < n and by Eq.(^) 



The condition fi{pj) = 5ij, i < j, implies 

■ ■ • ffii^diis')^ = det/(x^.(,,), . • . , a;^.^(^,),Pn+i, • • • ,Pg) , 

n + l<j<(7 + l. Hence, Eq.(|3.7]) follows by replacing the sum over s with the sum over s' in 



(|3.10|) , and using 

eis) = e{s')e{xir\...,f3+i)) . 



Eq. ( p.9D is an immediate consequence of ( |3.7| ) . □ 



Remark 3.2. The summation over Vm in Eq.( |3.9| ) yields a sum over (5 + 1)! identical terms, 
corresponding to permutations of the g + 1 determinants in the product. Such an overcounting can 
be avoided by summing over the following subset of Vm 

V'm ■= {s G Vm, s.t. si = 1, S2 < S3 < . . . < Sg, S2 < Si, g + I < i < 2g - 1} , 

and by replacing Cg by Cg/{g + 1)!. 
Direct computation gives 

Cg,i=g\, Cg,2 = 5!(5-1)!(25-1) , C2 = 6, C3 = 360 , C4 = 302400 . (3.11) 

For 5 = 2, Cg/{g + 1)! = 1 and V'm=3 = {(1, 2, 3)}, so that 

det//(xi,X2,X3) = det/(j;i,X2)det/(xi,X3)det/(x2,X3) . (3.12) 

A crucial point in proving Lemma 3.1 is that if Xi(r^, . . . , f^~^^), i G lM,m are pairwise distinct 



elements in Im, then they belong to lM,n Q Im-, with x a permutation of such an ordered set. 
For a generic ordered set / C Im , one should consider x as a function over g + 1 permutations f* , 
i G Ig+i, of suitable ordered subsets of Ig. In particular, P should be a permutation over all the 
elements J G Ig such that m{i,j) G /, for j > i, or m(i — 1, j) G /, for j < i. However, the condition 
that the elements >Ci{r^, ■ ■ ■ , f^"*"^), i G I, are pairwise distinct does not imply, in general, that they 
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belong to I and Lemma |3.1| cannot be generalized to a determinant of products //i, i £ I. On the 
other hand, the subsets 

/:= /M,nU{m(i,j)} , (3.13) 
satisfy such a condition for n < i,j < g and yield the following generalization of Lemma |3.l|. 



Lemma 3.3. Assume the hypotheses of Lemma p.l\ for n < g, and choose an element x^+i G S, 
and a pair n < i,j < g. Then the foUowing relation 

deti ff{xi, . . . ,xl+i) 
1 " 

' • • • iPi^ • • • iPg) 

5 + 1 

n 

Z=n+3 

where 



^g,n s€Vl + i k = l 



det f{x^,^+2^^^, ... ,x^r^+2^^^,Pri+i, ... ,pj, ... ,pg) Y[ det/(xrfi(^),...,Xdi^(3),p„+i,...,Pg) , 

(3.14) 



9 + 1 

(fi,...,f9+i)6'P-' *=1 



pi pn ^ p2^^ X and / is defined in ( |3l3| ), holds. 



Proof. A straightforward generalization of the proof of Lemma 3.1. □ 



4. Determinantal relations and combinatorial 9 identities 

Set Az := /Lz, Lz := + ZZ^, where Z belongs to the Siegel upper half-space 

S)g := {Z e Mg(C)|*Z = Z, lmZ> 0} , 
and consider the theta function with characteristics 

Q^aj ^g') • = ^ ^■7ri\k + a)Z{k+a) + 2Tvi\k + a){z + b) 

keza (4.1) 

^ ^ni*aZa+2niMz + b)Q^0-^ (^Z + b + Za,Z) , 

where z G Az, a, 6 G R^. It has the quasi-periodicity properties 

e[l]{z + n + Zm, Z) = e-^' '^Zm-2^^ 'mz + 2^^( 'an- %m) g Ja] ^ 

m,n e Z^. Denote by G C Az the divisor of 6{z, Z) := 9 [q] (z, Z) and by 0s C 6 the locus where 
9 and its gradient vanish. Geometrically 9 [^] (z, Z) is the unique holomorphic section of the bundle 
£ea6 oil -^z defined by the divisor Qab = @ + h + Za of 9 [^] (z, Z). A suitable norm, continuous 
throughout Az, is given by 

\\9\\^{z,Z) = e-2'^*^™^(^'"^)"'^™^|e|2(z,Z) . 

Computing ci{Cq) and using the Hirzebruch-Riemann-Roch Theorem, it can be proved that 9 is 
the unique holomorphic section of Cq. It follows that {Az,£^(d) is a principally polarized abelian 
variety. 
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4-1- Riemann theta functions and prime form 

Let {a, P} = {ai, . . . , ag,Pi, ... , Pg} be a symplectic basis of Hi{C, Z) and {wjjje/g the basis 
of H^{Kc) satisfying the standard normahzation condition = Sij, for all i,j G Ig. Let 

r € be the Riemann period matrix of C, Tij := LOj. A different choice of the symplectic basis 
of i?i(C, Z) corresponds to a Tg := Sp{2g,Z) transformation 

T ^ t' = (At + B){Ct + D)-^ (4.2) 
Choose an arbitrary point po & C and let I{p) := {Ii{p), ■ . . ,Ig{p)) 



J V. 



Po 



p € C, be the Abel-Jacobi map. It embeds C into the Jacobian Jq{C) := C-^/L,-, L^- := Z^ + rZ^, 
and generalizes to a map from the space of divisors of C into Jo{C) as li^^^niPi) := Ylii'^i-^iPi)-: 
Pi & C, Hi & Z. By Jacobi Inversion Theorem the restriction of I to Cg is a surjective map onto 

MC). 

If 6', 5" G {0, l/2}s, then $ [S] {z, r) := 9 If,,] {z, r) has definite parity in z 

9[6]{-z,T) = e{S)e[6]{z,T) , 

where e{S) := e^""^^'^". There are 2^^ difi!'erent characteristics of definite parity. By Abel Theorem 
each one of such theta characteristics determines the divisor class of a spin bundle K^, so 

that we may call them spin structures. There are 2^~-'^(2f + 1) even and 23~^{23 — 1) odd spin 
structures. 

Consider the vector of Riemann constants 



i & Ig, for all p e C. For any p we define the Riemann divisor class by 

/(A) := (5-l)/(p)-/C^ 

which has the property 2 A = Kq- 

In the following, we will consider 6{d + e) := [q] (/(d) +e,T), for all e G Jo{C), evaluated at 
some 0-degree divisor d of C. We will also use the notation 

0Aid) :=^(7(d-nA)) , 

for each divisor d of degree n{g — 1), n & Z. 

According to the Riemann Vanishing Theorem, for any p e C and e G Jo{C) 

i. if 6{e) 7^ 0, then the divisor d of 6{x — p — e) in C is eflPective of degree g, with index of 
specialty i{d) = and e = I{d — p — A); 
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ii. if ^(e) = 0, then for some (" G Cg-i, e = I{( — A). 
The holomorphic 1-differential 

hl■.= j2^^ip)^^.n'^]i^)u^o , (4.3) 
1 

where v is an arbitrary non-singular odd spin structure, p ^ C, has g — 1 double zeros. The prime 
form 

h,y[z)hi,[w) 

is a holomorphic section of a line bundle on C x C, corresponding to a differential form of weight 
(—1/2, —1/2) on C X (5, where C is the universal cover of C. It has a first order zero along the 
diagonal of C x C In particular, if t is a local coordinate at z G C such that hi, = dt, then 

at(w) at[z) 

Note that I{z + 'an + */3m) = I{z) + n + rm, m, n G Z^, and 

where x ■= e^'^^^'"' '^^ G {-1,+1}, m,n G Z"?. 

We will also consider the multi- valued 5/2-differential on C with empty divisor, that is 
a holomorphic section of a trivial bundle on C, and satisfies the property 

(7(z+ W+ '/3m) = ^-9e'^*(f-i)'™+2'^'*"''^V(z) . 

This requirements fix cr(z) only up to a factor independent of z; the precise definition, to which we 



will refer, can be given, following |25], on the universal covering of C (see also [p9| ). Furthermore 



for all z,w, xi, . . . , Xg (z C, which follows by observing that the RHS is a nowhere vanishing section 
both in z and w with the same multi- valuedness of a{z)/a{w). 

4-2. Determinants and theta functions on algebraic curves 
Set 

S{pi + ...+Pg) := ' -, (4.6) 

(^[y ) 111 E{y, Pi) 

y,Pi,. ..,Pg£ C. 

Lemma 4.1. For all pi, . . . ,pg ^ C , S{pi + . . . +Pg) is independent of y. For each fixed d G Cg-i, 
consider tlie map vr^ : C — > Cg, i^dip) ■= p + d. Tlie pull-back 7r^5 vanishes identically if and only if 
d is a special divisor; if d is not special, then vr^S' is the unique (up to normalization) holomorphic 
1/2'differential such that [(tt^S*) -|- d] is the canonical divisor class. 
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Proof. If pi + . . . + Pg is a special divisor, the Riemann Vanishing Theorem imphes S = 
identically in y; if pi + . . . + pg is not special, 5 is a single- valued meromorphic section in y with 
no zero and no pole. It follows that, in any case, 5" is a constant in y. This also shows that 
S{pi + . . . +Pg) = if and only if pi + ...+ pg is a special divisor. Hence, if d € Cg_i is a special 
divisor, S{p + d) = for all p E C. On the contrary, if d is not special, then h^{Kc <8) 0{—d)) = 1, 
and S{p + d) = if and only if p is one of the zeros of the (unique, up to a constant) holomorphic 
section of H^{Kc (8) 0(— d)), and this concludes the proof. □ 

Proposition 4.2. For each n G Z>o, let be an arbitrary basis of H^{K'q)- There are 

constants K[(f)'^] depending only on the marking of C and on {'pf}ieiN„ such that 

r ,11 ^ det (l)l{pj)a{y) ll^^E{y,pi) ^ det^ljpj) 

and 

,ni ^ det 07 (pj) 

^ ^A(Ef" P.) nf" -bo^"- nfe m,P,) ' ^ 

for n > 2, for all y,pi,. . . ,pn„ e C. 

Proof. is a meromorphic function with empty divisor with respect to y,pi, . . . ,Pn„- D 

Proposition 4.3. The identity 

(4.9) 

^ ^ S{n^^y-'UUjE{x,,x,) ' 

holds for all xi, . . . ,Xg,yi, . . . ,yg G C. Furthermore, choose n> 1 and let {y-m J}n<m<2,^-2 be a set 
of points of C. The identity 

^,,.n, . ^ (-)^^(^--^)/^.H^^(Ef"xO 

2n — 2 5 — 1 T— r2n — 2 /j /v-^g — 1 . i r / ^ \\ 

m=0 j=l E{Xm{g-l)+j,ym,j)SiYli=^j Xm{g-l)+i + Um + Vrnj) 

^ (-)^-(^-+i)/2/,[0]g^(^f"xO 

nf<, £^(a:„ X,) n£o ' (5(Er=i + yo^'^-^ n£i ^^c^^, ^o) 

2n-2 5-l g 2n-2 



(4.10) 
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holds for allxi,..., xn„ , yo, • • • , 2/2n-2 G C. 
Proof. By Eqs.Q and 



detr]i{xj) = K.[r]]S(J2l Xi)Y[E{xi, Xj) JJ a{xk) 

i<j k=l 



and the first equality of ( |4.g| ) follows by 

^^iYlijtk^i + yk- 



a{xk) 



whereas the second equality follows by taking the limits Uk ^ Xk- Eq. (l4.10D follows by (|4.8|) and 
by observing that a{xk)'^"~^ can be factorized as 



""^ =0 U^Zl E{x^(^g_i)+j,xii^g_i-)+,)E{x^(^g_i)+j,yi)S{Y,IZl x^g_i-)+, + yi) 



1 = 



and 

^A(X]i/j ^m(g-l) + i + + ym,j " ^m(g-l)+j) 
1 ii/j -f^l^m(g-l)+j) ^m(g-l) + i j^l,3;m(g-l)+j) ^mj 

1 

i^j ^m(g — + ym + ym,j) 

where < m < 2g — 2 and j G -^g-i- The second equality follows by taking the limits ymj 
Xm{g-i)+j, < m < 2n - 2, j £ Ig_i. □ 

Remark 4.4. By taking the limit y ^ z in Eq.(4.7), it follows that 

g 

detri{z,pi,...,pi,...,pg) = ^6'A,z(ai)a;/(z) J| E{pj,pk)Y[a{pj) , (4.11) 

for all pi, . . . ,pi_i,2:,pi+i, ... ,pg e C, where 6'A,i(e) := 92^6'A(^;)|2=e, e G O and := Y^k^iPk^ 
i (z Ig. Furthermore, 

eilC- + w-z) = ^W^w[u;]{w) , (4.12) 

for all w,z G C, with 14^[(jj](z) the Wronskian of {u}i}i^j^ at z. Note that by ( 4.11| ) the condition 
det r]i {pj ) 7^ implies 

^eA,j{a,)uj{pi)^0 , (4.13) 

for all i £ Ig. On the other hand, the LHS of ( [4.13| ) is in H^{Kc), so that it may vanish either at 
the 2g — 2 points, or identically if /(a^ — A) G 0s, z G /g. 
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Proposition 4.5. Let pi,...,pg Q C he points satisfying the condition detrji{pj) ^ 0. Set 
[uj]ij ■.= uji{pj). We have 

-1 _ I _ ^A,j (Si) 



(4.14) 



i,j S /„, so that 



E 



Oaj iai)u)j{z) 



cr{z,pi) 9Aiai + z - Xi) E{yi,pi) Yj E{yi,pj)E{z,pj) 



n 



cr{xi,yi) 0^{a-yi) E{xi,z) j^,E{xi,pj)E{pi,pj) 



(4.15) 



and 



.OA{a+z-y-pi) E{y,pi) yj yj 1 

0.ia-y)Eiz,p.) 11 ) H ^ 



Pj) 



k[(t] 



^A(a-y)nf<,^(P.,P,)n?^(Pfc) ' 



(4.16) 



for aU z, y,Xi,yi e C, i e Ig, where a := Y^iPi^ := a - pi, i e Ig. 

Proof. By ( |2l6D and p3o| ) we have cJi = Ej and Eq.(pID follows by (|4]7|) and (gTl]). 
Eqs.(p^)( P^ follow by (|]7|) and by det ai{pj) = 1, respectively. □ 



Theorem 4.6. Fix g — 2 distinct points p^, . . . ,pg G C such that 

{/(p + b-A)|pGC}ne, = 0, 



(4.17) 



h := X^sPi- Then, for each p2 £ C \ {ps, . . . ,Pg}, there exists a hnite set S, with {p2, ■ ■ ■ ,Pg} Q 
S C C, such that, for all pi £ C \ S, the quadratic differentials 



M 



i £ In, with 



X, 



Oa,±, (ax J^a.z, (az, ) + (a^ J^a.z, (ai, ) 

( 1 + '^1, 2, )Y.l,m ^A,i (ai J^'A.m (a^, )^l (Pi J (Pi 



(4.18) 



(4.19) 



^) j £ -^M, where a^ := XliPfc — Pi, i £ Ig, are a T g-invariant basis for H (K^). Furthermore, the 
M — N independent linear relations 



M 



N + 1 <i < M, hold, with 

M 



(4.20) 



1 , . . . , A; AT = 1 



ki...kj^j 



(4.21) 
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X'^- and Cfj correspond to the coefficients defined in ( 2.28 ) and ( 2.3^ , respectively, for r]i = uJi, 

i&Ig. 

Proof. After noting that h°{Kc<S)0{-h)) > 2, fix a pair of linearly independent elements fJi , a2 of 
H^{Kc®0{-h)). Eq. (l4T7D implies that hP{Kc®0{-h-p)) = 1, for all p G C, so that {0-1,(72} is 
a basis of H^{Kc®0{—b)) and supp((cJi) — b) nsupp(((j2) — b) is empty. Fix p2 € C\{p3, . . . 
without loss of generality, we can assume ai G {Kc 0{—b — P2)) ■ Define the finite set S as the 
support of (fJi) or, equivalently, as the union of {p2, . . . ,Pg} and the set of zeros of S{x + P2 + b). 
Then, for each pi € C \ 5, by choosing a2 S H^{Kc 0{—b — pi)), we obtain that cJi and cj2 
are linearly independent. Then pi, . . . ,pg satisfy the conditions i) and ii) of Proposition 2.(:, and 
{vi}ieiN^ as defined in ( |2.21D , is a basis of H^{K^). Eq.( |4.14| ) imphes that Eq.( |4.19| ) is equivalent 

□ 



(4.22) 

detX'^ ^ 0, 



to ( |2.28| ) , and the theorem follows by Theorem |2.9[ 

A relation in the form ( [4.20| ) is well-known in literature 

9 



where e S 65. On the other hand, for g = 4, M — N = 1, and the term \X'^ 
m Eq.(l430|) fact orizes. Hence, we obtain the unique relation 

W[uJUJi,. . .,ujujw]{p) = , 

that compared with ( [4.22 ) gives 

{Akieij - Aij9ki){±e) = , 
i,j,k,l e I4, with {—l)^A^^2.k the minor associated to the matrix element dpiOif.uj2.kip) of 

Proposition 4.7. Fix g points pi, . . . ,pg satisfying the conditions of Proposition 2.10| (set i = 3 
in the condition Hi) of 2.10D . The associated 3-differentials {ipi}i^i,^j satisfy 

i € Im, where 

(l+^....+<5.,3.)(l + ^..3.) 



(4.23) 



ij 



(4.24) 



i,j G Im, correspond to the coefRcients given in Eq.(2.41) in the case r] = uj. Furthermore, the 
following linear relations 

Ms 

j=i 

N^ + l <i < N3+ g - ?>, hold, where 

M3 

Dij'-= ■■■ ^ ' 7^ [tjcjwfci , . . . , wwwfc^rj , 

fcl ,...,fc/V,=l 



(4.25) 



(4.26) 



j € I Ms, + \ < i < + g — 2>, correspond to the coefRcients deEned in Eq.( j2.4j ). 
Proof. The proposition follows immediately by ( |2.41 )(4.14) and by Proposition 2.11 



□ 
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4-3. Combinatorial theta identities on the canonical curve 



Applying Lemmas and 3^ to determinants of symmetric products of holomorphic 1- 
differentials on a canonical curve C of genus g leads to combinatorial relations. By Eq.(4.7) and 
such combinatorial relations yield non trivial identities among products of theta functions. 



Proposition 4.8. The following identities 

detr]rj{xi,X2,X3) = detri{xi,X2) detri{xi,X3) detr]{x2,X3) , 5 = 2, (4.27) 
I 4 

detr]r]{xi,... ,X6) = e(s) n^^*^(^rfl('*)'^4(^)'^'i3(«)) ' 5 = 3, (4.28) 

9 + 1 

J2 <s)'[[detr]{xd^(s))=0 , g>4, (4.29) 

where {r]i}i^i^ is an arbitrary basis of H^{Kc) and Xi, i Im, are arbitrary points of C, hold. 
Furthermore, they are equivalent to 

A , ( \ r 13 nti ^a(E,Li - 2xi) Wl a{xj) 

dei T]if][xi, X2, X2,) = -K[ri\ = — r , (4.30) 

forg = 2 



,4 6 



detr?r/(xi,...,X6) = ^ Haixif ^ e{s)ll 



i=l 



k=l 



\[^=lE{yk,s,Xdk,^^a{yk,s) 



(4.31) 



for g = 3 



K[r]] 



(4.32) 



1=1 



s^Vm 



k=l 



for g > 4, where yk,s, k G Ig+i, s G Vm, are arbitrary points of C. 



Proof. Eqs.( [4.2'^ )-( [4.29| ) follow by applying Lemma 3.1 to detr]r]{xi, 
vanishes for g > A. Eqs. (|4.30|) -( [4.32D then follow by Eq.(^. 



,xm) and noting that it 

□ 

In |^0[ D'Hoker and Phong made the interesting observation that for g = 2 

deta;u;(xi,rE25a;3) = detu;(xi,X2) detw(a;i,X3) detci;(x2,a;3) , (4.33) 

that proved by first expressing the holomorphic differentials in the explicit form and then using the 
product form of the Vandermonde determinant. Eq.( 4.33 ) corresponds to ( 4.27 ) when the generic 
basis r]i,r]2 of H^{Kc) is the canonical one. On the other hand, the way (4.27) has been derived 
shows that ( 4.33]) is an algebraic identity since it does not need the explicit hyperelliptic expression 
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of uJi and uj2- Eq.( [4.3tj ) is the first case of the general formulas, derived in Lemmas |3.1| and |3.3| , 
expressing the determinant of the matrix ffi{xj) in terms of a sum of permutations of products of 



determinants of the matrix fi{xj). In particular, by ( 4.28 ), for g = 3 we have 



I 4 

det oju!{xi, . . . , xq) = — 7 e(s) I I det u;(xj 
15 



For n < g, a. necessary condition for Eq. (|3.7| ) to hold is the existence of the points Pi, S < i < g, 
satisfying Eg. ( ^.61) ; in particular, Lemmas [s]^ and can be applied to the basis {aiji^i , of 
H^{Kc), defined in Eq.(pq). 

Theorem 4.9. Fix the points pi, ... ,pg G C, and ai G H^{Kc), i G Ig, in such a way that 
ai{pj) = 0, for all i j ^ Ig. Define Vi G H^{K'^), i G In, by 

Vi := ^(o- • di) = a^^a^^ , 

and let {rii\i^i be an arbitrary basis of H'^{Kc). Then, the following identity 



detv{p3, ... ,pg,xi,.. .,X2g-i] 



det r]i{pj) N^g+i 
<5"i(pi)<5-2(P2) 



i=3 



(4.34) 



5 + 1 



X] e(«)detr?(xrfi(,))detTy(xd2(^)) JJdetr?(xrf«(^),Xrf.(^),P3,...,Pg) , 



i=3 



iio7ds for all xi, . . . , X2g-i G C, where, according to ( 3.11 ), Cg^2 = gKd ~ ^V-i'^d ~ 1) 



Proof. Assume that pi, . . . ,pg satisfy the hypotheses of Proposition p.5| , so that {ai}i^i^ is a basis 
of H^{Kc) and ai{pi) ^ 0, for all i G /g. Since the points pi, . . . ,pg satisfying such a condition 
are a dense set in C^, it suffices to prove Eq.( [4.3^ ) in this case and then conclude by continuity 



arguments. A relation analogous to ( |2.22 ) holds 

Vi{Pj) = 



d-i{pi) Sij , 
, 



i£lg , 

g + 1 <i < M , 



j £ Ig, so that 



detv{p3,...,pg,xi,... ,X2g-i) = (-)^"^^TT'5"i(Pi)^ det aa{xi, . . . ,X2g-i 



i=3 



By Lemma |3jJ for n = 2, det/^,^ 3 (T(t(xi, . . . , X2g-i) is equal to the RHS of (|3.7|) divided by 
U.i=3MPi)^~^- Eq.( |04D then follows by the identity 



det ai{zj) 



det di {pj 



det rji{zj 



det r]i{zj 

^' det?7i(pj) """"^^'^-'^ det r]i{p J, 
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□ 

Remark 4.10. If detrji{pj) ^ 0, then Theorem O holds for di = cJi, so that d'i{pi) = 1, i G Ig, 
and Vi = Vi, i & In- 

Corollary 4.11. Let b := X]i=3?'i ^ fixed divisor of C and define Vi, i G In, as in Theorem 
Then for aU xi, . . . ,xn & C 

aetV[Xi,. . . ,Xn) - „ /v-Sg-l TTVtTS TT25-1 rr^r T ii 

Cfl,2 ^aIEi a;, + b) riLa rijli E{pi,Xj) fj[ 



E 



6(s)5(E:r, 

i=l 



2g-l 

«=5 



2s- 

n ^( 



(4.35) 



1,3 = 9 
i<j 



■ JJ(^S'(x,, + b)E{x,^,x,^^^)YlE{xs^,Pi)E{xs^^^,p^)^ , 



k=l i=3 

where F = F{pi, . . . ,pg) is 



\S{a)a{p,)a{p2)E{p,,P2)) t{ ^{PinF{Pl,P^)E{p2,p^))9+^U■>i ^iPi^Pj)' 



Proof. Apply Eq. (|434|) to 

detv{xi, . . .,xn) = detp(xi, . . . ,xn) ^ detv{p3, . . . ,Pg,xi,. . .,X2g-i) , 

det p{ps, ... ,pg,xi, ... ,X2g-i) 

with {p^}^^I^ an arbitrary basis of H^{Kl). Eg-dOBD then follows by Eqs.(|3)(|4]|). □ 
Theorem 4.12. Fix pi . . . ,pg £ C . The function H = . . . ,Pg) 

S{afa-'E{p^,P2Y+^ fr E{pi,p.YE{p2,p,fW'^^,E{p,,p,f 



s{Y.LiXs?jS{Y.]ig^ xs,) s{xs,+xs,^^ + b) 

, nt3^K,P0 l\ WaE{x,^,x,^^^) 



(4.36) 



is independent of the points xi, . . . , X2g-i G C. Furthermore, the set {vijuzj^ , defined as in ( 2.21 ), 
is a basis of H'^^Kq) if and only if H ^ 0. 

Proof. Consider the holomorphic 1-differentials 

g 9 
a,{z) := A-^a{z)S{a, + z)WE{z,pj) = A-^^e^^j{ai)uj^{z) , 

.=1 j=i 
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i G Ig, Hi := a — Pi, with Ai, . . . , Ag non- vanishing constants. Such differentials are independent of 
y and if the points pi, . . . ,Pg satisfy the hypotheses of Proposition ^.5[ then {ai}i^ig corresponds, 
up to a non-singular diagonal transformation, to the basis defined in ( 2.20| ). Let be an 



arbitrary basis of H'^{K^). By (4.8) the following identity 

det p{p3, . . . ,Pg,Xl,. . .,X2g-l) 



29-1 , 2.9-1 9 9 a 2.9-1 

i=l i=3 i-.7-3 2=3 j = l 



holds for all s E V2g-i- Together with Eq.( [4.35| ) and the above expression for 0"^, it implies that 

H = K[p]cg,2{A,A2r+^ n Af z: ""s^y" ■ (4.37) 



^^ detvjps, ...,pg,xi,..., X2g-i) 
.^3 detp{ps,...,Pg,xi,...,X2g-i) 



Hence, H is independent of xi, . . . , X2g-i, and if 7^ if and only if {vijig/j^ is a basis of H^{K^). 
On the other hand the vector [vi, . . . , vm) corresponds, up to a non-singular diagonal transforma- 
tion, to {vi, . . . ,V]\[), with Vi, i € /at, defined in ( 2.21 ). □ 

Remark 4.13. By ( ^ ) 



H{PI, . . . ,Pg) 



Cg,2{A,A2Y+^\n^,Ai ■ 
Furthermore, if (pi, . . . ,Pg) ^ A, then one can choose 

a 9 
Ai = cr{pi)S{a)Y]_E{pi,pj) = y^^eA,j{ai)u;j{pi) 



to obtain ai = ai, i G Ig, and 



K\V\ 



H{PI,. . . ,Pg) 



C3,2nLi(Ei=i ^A,i(a»)u;j(pi))^+^nf=3(Ei=i 0/\,j{ai)ujj{pi)Y 
Hjpi, ■ ■ ■ ,Pg) 

%25(a)6s-6nLi(a(p.)n?^.^fe,p,))^+'nL3(^(pom^i^fe,p.)) 



(4.38) 



Corollary 4.14. The function 



""^'"^ e4b + a{x^) HLs -ip^) 



(4.39) 
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is independent ofxi,..., X2g-i € C. Furthermore, for any pi, . . . ,Pg £ C such that det rii{pj) ^ 0, 
the set {vi}i^jj^, dehned in ( |2.21| ), is a basis of H^{KIj) if and only if K 0. 



Proof. The ratio 



H 



- = S{afa-'E{p,,p2r+'Yl{E{p,,p,)E{p2,p^)r n E{p^,PJf , 



(4.40) 



i=3 



i<3 



is independent of xi , . . . , X2g-i, so that the first statement follows by Theorem [4.12| or, equivalently, 
noticing that by Eqs.(p^) (gy^(|438|) and ( WM ) 



K{ps,...,pg) := (-)^+^c,,2^T^ n E{p^,P,r-'lla{p,.f-^ . (4.41) 
By (13) dH) and (glc| ) the condit ion det rji{pj) ^ implies HjK ^ 0. In this case K ^ ^ \i and 



only if if 7^ 0, and the corollary follows by Theorem [4.12 



□ 



Proof of theorem \l.l 



Fix i,j,3<i<j< g, and choose pi,P2 in such a way that is a basis of H^{Kc)- Observe 

that, due to Eq.( p.26| ), det/ cra{xi^ . . . , X2g) = 0, for all xi, . . . , X2g G C, where / := /A/,2U{m(i, j)}. 



Applying Lemma |3.3| , with n = 2, such an identity corresponds to Eq.(l.l) with the canonical basis 
{u)i}i^i of H^{Kc) replaced by {ai}i^i . Eq. dOl ) is then obtained by changing the base. □ 



Proof of theorem 1 . 2 



By ( |4?7D Vij{p3, . . . ,pg,xi, . . . , X2g) is equivalent to (|ri| 



□ 



Note that Vu ^ for i = 3, . . . ,g, since the expression on the LHS is proportional to a 
determinant of 2g linearly independent holomorphic quadratic differentials on C, evaluated at 
general points Xk £ C , k G l2g- 



Proof of corollary 1 . S 



Consider the identity 



det/ aa{xi,.. .,X2g-i,z) 



deti;(p3, . . . ,Pg,xi, . . . ,X2g-i) 

I ■= U {i}, N + 1 < i < M. Upon applying Lemma with n = 2, and Eq.(p7D to the 
numerator and Eq.(4.8) to the denominator of ( 4.42| ), Eq.( |1.3| ) follows by a trivial computation. 
On the other hand, for arbitrary points z,yi, . . . , Vg-i € C, 



S{yi + ... + yg-i + z) 



ELi ^A,»(yi + ■ • • + yg-i)uJi{z) 
o{z)X^-^ E{z,y;) 
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Upon replacing each term of the form S{dg-i + z) in Vj_.2_- {p3, . . . ,pg, xi, . . . , Xg^i, z) by its expres- 
sion above, for any effective divisor dg-i of degree 5 — 1, the dependence on z only enters through 
ujiLdj{z) and the relations ( |l.3D can be written in the form of Eq.( ^.31 ). □ 



5. Siegel metric on Adg and Mumford isomorphism 

The Torelli space Tg of smooth algebraic curves of genus g can be embedded in S^g by the 
period mapping, which assigns to a curve C, with a fixed basis of Hi{C,Z), representing a point 
in Tg, the corresponding period matrix. The period mapping has maximal rank 3gf — 3 on the 
subspace Tg of non-hyperelliptic curves and therefore a metric on S)g induces the pull-back metric 
on 7^. It is therefore natural to consider the Siegel metric on Sjg 

ds^ := Ti {Y-^dZY-^dZ) , (5.1) 

where Y := ImZ, Z S f)g. Such a metric is Sp(2(/,R) invariant, and since Mg = Tg/Tg, it also 
induces a metric on Aig. The Siegel volume form is 



Af<,(dZ,, AdZ, 



-^-^ 'Idet^..^ ' ^'-'^ 



Proposition 5.1. The Siegel metric (5.1) can be equivalently expressed in the form 



M 



= afjdZdZj , (5.3) 

where 

y-l y-1 I y-1 y-1 

gUz.z) := 2 = 2x-\-\y-^y-%, , 



;i + 5,,,j(i + 5, 

G hi- 

Proof. For n = 2 the identity ( ^.lOp reads 

9 M 
E /(i,j) = E(2-'^x.zJ/(ifc,2fc) , 

i,j = l fc=l 

where we used the identity 

2-5. 



Hence 



9 

d^'= E ^.j'^^.-fc^T'^^H 

= ^ dZji 1^'" — ^^"' dZ^^ 

i,j = l m=l ~^ Im^m 



y~ Y~ +Y~ Y~ 

m,n=l lm2m 
A/ 

J] 2x-ix;'(>^-'>^-')n„.(i^„.d^n . 



m,n=l 



(5.4) 



(5.5) 
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□ 



Proof of theorem I.4 



Proof. Consider the Kodaira-Spencer map k identifying the space of quadratic differentials on 
C with the fiber of the cotangent bundle of Mg at the point representing C. Next, consider a 
Beltrami differential // E T{Kc^K^^) (see |32] for explicit constructions) and recall that it defines 
a tangent vector at C of Tg. The derivative of the period map r^j : 7^ — >■ C at C in the direction 
of n is given by Ranch's formula 



It follows that 



j, k G Ig, so that, by (|4.18D , 



j G In, where 



Jc 



M 



k=l 



i € Im- It follows that the differentials 



(5.6) 



Ej := 2TTi k{vj) , 



(5.7) 



j G /at, are linearly independent. Furthermore, since by construction the basis {vi}i^ij^ is inde- 
pendent of the choice of a symplectic basis of Hi{C,'Z), such differentials are modular invariant, 
i.e. 

!—>■ = , (5.8) 



i e In, under (|4^). 

Let ds'^j^ be the metric on Aig induced by the Siegel metric. Set 



□ 



Corollary 5.2. 



where 



ds?.-. 

\Mg 



N 



M 



3ij ■~ ^ QkiBfkB'ji , 



k,l=l 



and B'^ is the matrix defined in ( p.35| ) with rji = uJi, i G Ig. 



(5.9) 
(5.10) 
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Proof. By (5^) and 



M 



(5.11) 



k,l=l 



Furthermore, by applying the Kodaira-Spencer map to both sides of Eq.( |2.3^ ), one obtains 



N 



ji ) 



(5.12) 



G Im, and (|5.10D fohows. 



□ 



Proof of corollary 1.5 



By dg) 



N 



\M,-\2) detg^ Af(^i/\Si) , 



and by Theorem 1.4 the corollary fohows. 



(5.13) 

□ 



The correspondence between Eg. ( p. 3^ ) and Eg. ( ^.12 ), by means of the Kodaira-Spencer map, can 
be generalized in order to obtain non-trivial relations on the cotangent space of Mg from relations 
among holomorphic quadratic differentials. For example. Eg. ( [4.22|) , together with the heat eguation 

0^9 do 

{z,Z) = 2m{l + 5,,)-^{z,Z) , 



dzidzj 



i,j G Ig, is eguivalent to the vanishing of the exterior derivative in Aig of 9{z,t) at z = ±e, i.e. 



M 



de 



de{±e) = ^—{±e)dT, = 



i=l 



Application of the Kodaira-Spencer map to Eq.( [4.2[i| ) immediately gives the linear relations satisfied 
by dTi, i € Im- 

Corollary 5.3. The {g — 2){g — 3)/2 linear relations 



M 

E 



C-dr, = 



(5.14) 



N + 1 < i < M , where the matrices are defined in ( |4.2J| J, hold 
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5.1. Combinatorial identities and the Mumford isomorphism 

Let Cg A4g be the universal curve over Aig and L„ = Rtt^:{K^^^j^^) the vector bundle on 
Mg of rank (2n — l){g ~ 1) + 6ni with fiber H'^{K^) at the point of Mg representing C. Let 

Xn ■= detLn , 

be the determinant line bundle. According to Mumford |33] 

where c„ = 6n^ — 6n + 1, which corresponds to (minus) the central charge of the chiral b — c system 
of conformal weight n [32|. The Mumford form fig^n is the unique, up to a constant, holomorphic 
section of A„ ® j^Q-^^j^gj-g vanishing on Aig. Its explicit form has been derived in [3^37| and 

ii- 

Theorem 5.4. Let {</'J'}ie7jv„ ^ basis of H^{K'^), n > 2. For any points p,xi, . . . ,xn^ G C, 
the Mumford form is, up to a universal constant 



A • • • A . 



(wi A • • • A uJgY 



where 



and 



F, 



<:i 



g,nl 



c{p) :-- 



_ g((2ra- 1)/CP) 
det0n^.)nf"c(x,)^ " VF[r](p)c(p)(2-i)^ 



det iJi{xj)a{y,p) H? ^^(y, 
for all p,xi, . . . ,Xg,y G C. 

It has been shown in fsll ||39|1 that 



K[uj]aip) 



9-1 



(5.15) 



(5.16) 



C2,2 

*io(t) ' 



(5.17) 



where \I'io is the modular form of weight 10 

*io(r):= n ^[^HO)' 



a.b even 



where the product is over the 10 even characteristics oi g = 2. It has been shown in |3C] that 

(5.18) 



C2,2 = 1/vr^^. Furthermore, it has been conjectured that [38|[39 

C3,2 



F3^2[l^Uj\ 



*9(r) 



with ^'9(r)2 = ^i8(r) 



*18(t):= n ^[^1(0) 

a, 6 even 
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where the product is over the 36 even characteristics oi g = 3 and 03^2 = 1/2^ n^^ [40|. 
Proposition 5.5. For g = 2 



K\ijJ\ 



7ri2 *io(r)6'A(a;i -\- X2 X':i)\E{xx,X2)E{xx,x-i)E{x'2,,x^)a{x^)a{x2)(y{x^)\^ 



For g = 3 



E.eP^ nt=i [^A (Ei=i ^d^^ (.) - y) n^<j ^(a^df (s) , a;^^ 



Furthermore, for g = 2 



(det u!U!i{xj)y 



1 nli^A(E;=ix,-2x.)3 



(5.19) 



(5.20) 



(5.21) 



Proof. Eg. ( ^.19| ) follows by simply replacing the expression of detu!uii{xj) in ( [4. 301 ) in F2,2 
then use c{x) = a{xy~^ / k[uj]. Similarly, by (4.31) 



LOLO 



detci;ti;(j;i, . . . , xq) 



(s)) 



iMy)^nti E{y,x,Y 

6 



and ( |5.20| ) follows by the identity W c{xi)~2 = k[u;] H <^{xi) ■ Eq. (|5.2lD follows by direct com- 

i=l i=l 

putation. □ 
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